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SMS 3363 – RISK THEORY FOR ACTUARIAL SCIENCE 

 
DATE: OCTOBER  2020           TIME: 2 HOURS 

INSTRUCTIONS:  Answer question one and any other two questions.  
 

QUESTION ONE (30 MARKS) 

a) (i)        What is a utility function?      (1 Mark) 
 
(ii)  State two properties of utility functions and explain the constraint set so that these 

properties are satisfied.      (2 Marks) 
b) A decision maker who prefers more wealth to less wealth uses a quadratic utility function 

���) � � � ��	, b > o to make investment decisions. She has initial wealth w=1000. 
She faces a normal random loss with mean 25 and variance 100. (i.e loss~ N(25, 100)) 
and is confused about whether to take up insurance or not. 

(i)  State the condition that is imposed on � to ensure that the property stated in part 
a(ii) is satisfied. What does this condition imply with regard to the application of 
this utility function for this decision maker?    (3 Marks) 

(ii)   Investigate the investor’s attitude toward risk and state how she would react in a 
fair gamble. (A fair gamble is such that the cost of investment equals the expected 
outcome of investment)      (4 Marks) 

(iii)How does the investor’s behavior in terms of investment in risky assets change in 
response to changing wealth level?     (6 Marks) 

c) If N has poisson distribution with mean 3 and X has an exponential (4) distribution, find 

the moment generating function for the aggregate loss 
=

=
N

i
ixS

1

where 
� = the size of the 

i th random loss and N is the random variable for the loss frequency.  (4 Marks) 
d) Claim events follow a poisson process with parameter � � 4 for the claim frequency (N)  

while the claim severity (x) follows the distribution ��
) � � 0.01 ���.���  ,
0 , �����ℎ� � , x " 0 

The insurance company uses a premium loading of # � 0.25 
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(i)   Derive the MGF of X      (2 Marks) 
(ii)   Find the possible values of the adjustment coefficient.  (4 Marks) 

(iii) Use the Lundberg’s inequality to derive the upper bound for the  probability of 

ruin at some future time t, given the initial surplus � � 1000 (2 Marks) 

e) (i)  What do you understand by the term “IBNR Techniques” as used in 
Actuarial Risk Theory?      (1 Mark) 

(ii)   List one method that you would use to calculate reserves for IBNR claims 
while accounting for the time value of money.   (1 Mark) 

QUESTION TWO (20 MARKS) 

a) (i)  Explain the meaning of the symbol Ψ��, ') as used in insurance. (1 Mark) 

(ii)  What does it mean when an insurer is Ruined?    (1 Mark) 

(iii) How can an insurer prevent itself from undergoing ruin? Give three ways and explain 

your reasoning.        (3 Marks) 

b) Consider two exponential random variables (�and (	 for claims occurrence with 

parameters )� and )	 respectively. Determine the exact distribution of * � 
� + 
	, the 

aggregate claim random variable using the method of convolutions. (5 Marks) 
c) (i)  Given the utility function u(� � ,-) � .[��� � 
)]  for an insured; derive the 

approximation for the maximum premium that the insured may be willing to pay for 

cover against  a random loss X. 
[Hint: use the two approximations for u�ω � p) and )�� � 
)]  (8 Marks) 
(ii) Find P+ if u(�) � B�C ��)      (2 Marks) 

QUESTION THREE (20 MARKS) 

a) An individual is facing a random loss X that is uniformly distributed on (0,200).  The 

individual can buy partial insurance against this loss for which he would pay amount D �
EFC�
, 100) so that he  pay the loss in full if 
 <  100 or 100 if 
 "  100. The 

individual makes his decisions based on the utility function ��)
 � 
�.H, for x > 0. 

Investigate whether this individual would be willing to pay $80 for insurance against this 

loss X, given that his current wealth is $ 300?    (7 Marks) 

b) Two investment alternatives A and B give the following cash flows in the next 4 years; 
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A  B 

(in ‘000 USD 

outcome  

+120,000 

+20,000 

80,000 

180,000 

Probability  

 

0.20 

0.20 

0.33 

0.27 

(in ‘000USD 

Outcome 

+60,000 

30,000 

55,000 

200,000 

Probability  

 

0.25 

0.15 

0.45 

0.15 

 

Based on the expected utility theory, which is the preferred choice? 

Show your working. Assume the quadratic utility function with I � 1 as ���) �  �� +
I�	          (5 Marks) 

c) An insurance portfolio produces N claims that are distributed as ; 

N 0 1 2 3 

P(N=n) 0.5 0.2 0.2 0.1 

The individual claim size distribution is given by the p.m.f 

X 1 2 

Fx (x) 0.9 0.1 

Given that the individual claim amounts are independent of N, complete the following 

table using convolution method.      (8 Marks) 

x �∗��
) �∗��
) �∗	�
) �∗K�
) �∗
L�
) 

0 

1 

2 

3 

4 

1 

0 

0 

0 

0 

    

MN�O � C) 0.5 0.2 0.2 0.1  
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QUESTION FOUR (20 MARKS) 

a) The table shows the claims paid on a portfolio of general insurance policies. Assume that 
claims arising from this portfolio are fully runoff in 3 years. 

 
Underwriting 
year 

Development Year  
0 1 2 3 

2008 
 
2009 
 
2010 
 
2011 

85 
 
103 
 
93 
 
111 

42 
 
62 
 
47 

30 
 
25 

7 

 
Estimate the total outstanding claims by the end of the year 2012 using the basic chain 

ladder technique.        (8 Marks) 
b)  An insurance company has established that the loss frequency follows a poisson 

distribution with parameter �  while loss severity follows an exponential distribution with 

mean #. Find an expression involving the aggregate claim S and some constant m such 

that P(S > n) using; 
(i)  The normal approximation to the distribution of S   (4 Marks) 
(ii)   The log-Normal approximation to the distribution of S  (4 Marks) 

c) Evaluate P(S >40) using your answer in part b(i) given that � � 4 and # � 5(4 Marks) 
 

QUESTION FIVE (20 MARKS)  
a) The loss to an individual from the occurrence of an adverse event is 200 and the 

probability that the event will occur is 0.20. Insurance is available against the loss. Find 

the maximum premium that an individual with utility function ���) � 200 + � +
500 �P  is willing to pay for cover against this loss if he has initial wealth of 250. 

(7 Marks) 
b) (i)    show that the minimum premium P- that an insurer with utility function  

���) � �∝ ��∝R, ∝" 0, � " 0 is willing to charge for cover against some random loss 

X is given by M� � 1 ∝P lnMU�∝) where MU�∝) is the moment generating function of X. 

state any assumptions or approximations you use.    (7 Marks) 
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(ii)   Suppose the random loss X follows a gamma(1,4) distribution and that the 

exponential utility function ���) has a mean of 2. What is the value of M�?(4 Marks) 
c) State the expected utility theory as used in Actuarial Science  (1 Mark) 

(iii) Describe the mean-variance portfolio theory as used in choosing between two 

random outcomes X and Y.      (1 Mark) 


