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INSTRUCTIONS: Answer gquestion one and any other two questions.

QUESTION ONE (30 MARKS)

a) Explain the following terms;

(i) A sigma- algebra (3 Marks)
(i) A measureable set (1 Mark)
(iif) Measurable space (2 Marks)

b) Show that a sigma-algebra is closed with respetetkiog countable intersections.

(4 Marks)
C) State the bounded convergence theorem. (3 Marks
d) Show that f is integrable over E iff [f| is intelgi@over E. (4 Marks)
e) () Define a measurable function (3 Marks)

(ii) Prove that the functiofi(x) = C Vx € X and C a constant, is measurable(4 Marks)
f) State the Fatou’'s Lemma. (2 Marks)
Q) Show that if f is measurable and f >0, then thadation functiory, defined by;

f) . ifIf)I<A
fa) =44, iff(x) >4
-4, if fx) < —A

is measurable (4 Marks)
QUESTION TWO (20 MARKYS)

a) Given that f and g are measurable function and th& g, prove that ;
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i) [fdu < [gdu (5 Marks)
(ii) If E,Fe x and ECF, then j fdu < j gdu (5 Marks)
E F

b) LetE; and E, be two disjoint measureable subsets of E suchtthatE, UE,, E,
NE, = @, prove thatj f du= j f du+ j f du (6 Marks)
E E E,

c) Let(f,)7 be a sequence efmeasurable function§.X — R, . Show that the set of points
over which ;) converges pointwise is measureable. (4 Marks)

QUESTION THREE (20 MARKYS)

a) If f and g are integrable andis a real constant, prove that;
(i) « f andf + g are also integrable (4 Marks)
(i) [(Of)du=] fdu (3 Marks)
(iii) I(f + g)d,u:j f d,u+jg du (3 Marks)
b) () State and prove the monotone convergence Engdi.C.T) (10 Marks)

QUESTION FOUR (20 MARK )

a) Define the terms;

(i) Complete measure (2 Marks)
(ii) Simple function (2 Marks)
b) Explain what is meant by a proposition that holdscst everywhere. (2 Marks)
C) Given that= R , and m is the set of all measurable subsets,giridve that the space
(R, m, p)is complete. (5 Marks)
d) Prove that every countable set has measure zero. (4 Marks)
e) Given thatf: X — R isx measurable, then for a constantfG; ¢ iSx* measurable.
(5 Marks)
QUESTION FIVE (20 MARKS)
a) Letf:x — y be a function if y is a sigma-algebra of subdet, then the class
{f"1(E):E € ¢} is a sigma algebra of subsets of X. (10 Marks)
b) Let f: X - R, isx measurable. Show thdk € X: f (x) = «}, x€ R, is a measurable
set. (6 Marks)
C) Let f:x —» R and let A be a non- measurable subsé@R.dbefinef (x = {_11’x;£c
Prove that f is not measurable but |f| #hAdare measurable. (4 Marks)
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