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INSTRUCTIONS: Answer question one and any other two questions

QUESTION ONE (30 MARKS)

a) i. Define an idempotent element aof aring (2 marks)
ii. Give two examples of idempotent elementsin M2() (2 marks)
b) i. Defineasubring S of ring R (2 marks)
ii. Give two examples of subrings of IR (2 marks)

¢) Giventhat R isaring with additive and multiplicative identities 0 and 1 respectively.
Provethat for all abeR

i. Oa=a0=0 (3 marks)
ii. (-a)(-b) =ab (3 marks)

d) Ifinaring R a&R hasamultiplicative inverse, then thisinverse is unique prove
(3 marks)

€) Let R beacommutative ring with identity. let c&R, prove that the set | :{rc : ceR} is
anidea of R (3 marks)

f) Let nbethering of integers, then 37,2 isanideal of 7z. List down cosets of 372

(3 marks)
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g) LetRbearingand| beanideal of Rwhen | # R. Prove that

i. If Riscommutative, then 5{ is commutative (2 marks)

ii. If Risaring with unity, then 3{ isaring with unity 1+ (2 marks)

h) Provethat apolynomial f(x)over thefield f hasafactor x—cin F[x]if f ceFisa

zeroof f(X) (3 marks)

QUESTION TWO (20 MARKYS)
a) i.Defineanidea | of aring R (3 marks)
ii. Give two examples of aring and its ideal (2 marks)

iii. Prove that if R isacommutative ring with unity and | isan ideal of R containing a

unit then 1I=R (4 marks)
iv. Find all idealsin 7,, (6 marks)
b) Provethat afield F contains no proper ideals (5 marks)

QUESTION THREE (20 MARKYS)
a) i. Define ring homomorphism f fromring Rtoring S (3 marks)
ii. If l isanideal of aring R, provethatthemap f : R - R/l givenby f(a)=a+1 for

agRis aring homomorphism (4 marks)
b
iii. Show that g:0- M, (IR)givenby y(a+bi) = L ab aJ isaring homomorphism

for Ointo M, (IR) (8 marks)
b) Let f:IR - Sbearing homomorphism fromring R into ring S, prove that the set
{aer : f(a) = O}isanideal called the kernel of f (5 marks)

QUESTION FOUR (20 MARKYS)
a) i. Defineaprincipal ideal ring (2 marks)
ii. Prove that the ideals in thering 72 of integers are principal ideals (8 marks)
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b) i. Provethat if Fisafield, then F(x)isaprincipal ideal domain (5 marks)
ii. Let Fbeafield and R be the subring of F(x) consisting of al polynomials whose
coefficient of xiszeroi.e R:{F(x): f(0) =O}. Let | be the principal idea of
F (x) generated by x. Determine whether | n Risaprincipal ideal of R (5 marks)

QUESTION FIVE (20 MARKYS)
a) i. Without proof state the unique factorization theorem (3 marks)

ii. Find the unique factorization of F(x) = 2x* + x* +3x” + 2x+ 4over 715(10 marks)
b) given that a+ bi and ctdi are integers with c+di # 0, prove that
a+bi =(c+di)(p+ai)+(r+s)for some Gaussianintegers p+qgiandr + s where

[r + il < |t (7 marks)
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