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THIRD YEAR SECOND SEMESTER EXAMINATION FOR THE DEGREE OF 
BACHELOR OF MATHEMATICS AND COMPUTER SCIENCE 

 
SMA 3353: RING THEORY 

 
DATE: OCTOBER 2020                                                                                   TIME: 2 HOURS 
 
INSTRUCTIONS: Answer question one and any other two questions 
 

QUESTION ONE (30 MARKS)    

a) i. Define an idempotent element a of a ring    (2 marks) 

ii. Give two examples of idempotent elements in M2()    (2 marks) 

b) i. Define a subring S of ring R      (2 marks) 

ii. Give two examples of subrings of IR     (2 marks) 

c) Given that R is a ring with additive and multiplicative identities 0 and 1 respectively. 

Prove that for all a,b Rε  

i. 000 == aa         (3 marks) 

ii. abba =−− )()(        (3 marks) 

d) If in a ring R Raε has a multiplicative inverse, then this inverse is unique prove 

(3 marks) 

e) Let R be a commutative ring with identity. let  Rcε , prove that the set { }RcrcI ε:= is 

an ideal of R         (3 marks) 

f) Let π be the ring of integers, then 3π  is an ideal ofπ . List down cosets of 3π  

(3 marks) 
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g) Let R be a ring and I be an ideal of R when RI ≠ . Prove that 

i. If R is commutative, then I
R is commutative   (2 marks) 

ii. If R is a ring with unity, then I
R is a ring with unity 1+I  (2 marks) 

h) Prove that a polynomial )(xf over the field f has a factor cx − in ][xF if f  Fcε is a 

zero of )(xf          (3 marks) 

 

     QUESTION TWO (20 MARKS) 

a) i. Define an ideal I of a ring R       (3 marks) 

ii. Give two examples of a ring and its ideal     (2 marks) 

iii. Prove that if R is a commutative ring with unity and I is an ideal of R containing a 

unit then I=R         (4 marks) 

iv. Find all ideals in 12π        (6 marks) 

b) Prove that a field F contains no proper ideals     (5 marks) 

         

      QUESTION THREE (20 MARKS) 

a) i. Define ring homomorphism f from ring R to ring S   (3 marks) 

ii. If I is an ideal of a ring R, prove that the map IRRf /: → given by Iaaf +=)( for 

Raε is a ring homomorphism       (4 marks) 

iii. Show that )(: 2 IRMg ⊄→ given by 








−
=+

ab

ba
biay )( is a ring homomorphism  

for ⊄ into )(2 IRM         (8 marks) 

b) Let SIRf →: be a ring homomorphism from ring R into ring S, prove that the set 

{ }0)(: =afraε is an ideal called the kernel of f    (5 marks) 

            

QUESTION FOUR (20 MARKS)       

a) i. Define a principal ideal ring      (2 marks) 

ii. Prove that the ideals in the ring π of integers are principal ideals  (8 marks) 
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b) i. Prove that if F is a field, then )(xF is a principal ideal domain   (5 marks) 

ii. Let F be a field and R be the subring of )(xF consisting of all polynomials whose 

coefficient of x is zero i.e { }0)0(:)( == fxFR . Let I be the principal ideal of 

)(xF generated by x. Determine whether RI ∩ is a principal ideal of R  (5 marks) 

      

     QUESTION FIVE (20 MARKS) 

a) i. Without proof state the unique factorization theorem    (3 marks) 

ii. Find the unique factorization of 4232)( 234 ++++= xxxxxF over 5π (10 marks) 

b) given that ctdiandbia + are integers with 0≠+ dic , prove that 

)())(( sirqipdicbia ++++=+ for some Gaussian integers sirandqip ++ where 

ctdisir <+         (7 marks) 

  

     

           

 

 

          


