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INSTRUCTIONS: Answer question one and any other two questions

QUESTION ONE (30 MARKS)

a) Let X be a non-empty set of real numbers

i. If X is bounded above, define the supremum of X 2 m@arks)
il. If X is bounded below, define the infimum of X if2arks)
b) i. Define a monotone function g (2 marks)

ii. Show that an increasing monotone function gaanded variation on an interval

[a,b] CR (4 marks)
0if 0 x< 1
c) Consider the sequenda(x) = x", xc—[01]and let f (x) = { Il? Xl or
X
1 , 1 3
E= E,determlne an N such thét, (x) - f (X)|< > for x = 2 (3 marks)
.o X" .

d) Show that the serlegoa converge for x in seﬁng ; |x | <1} (4 marks)

e) Prove thatf (x) = coxxg(x) = sinx satisfy the Pythagorean identity

f () +[g(x)]* =1 for xdR (3 marks)
[f () +[9(x)]
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f) If fi[a,b] - IRis of bounded variation [a,b] then f is the diffece of two strictly

increasing functions. Prove (6 marks)

g) Consider the sequenéé, } of functions defined byf, (x) =n?x? for0< x<1.

Determine wherf{ fn}is point wise convergent (4 marks)

QUESTION TWO (20 MARK S)

a) Between any two distinct real numbers, there &timmal number and an irrational

Oif xisirrational
number. Given function f defined bf/(x) =< . _ prove that f is not
1if xisnational

of bounded variation on any interval

b) i. For a functionf,v(f,[ab]) =0 if and only if f is constant on [a,b]. Prove

(5 marks)

ii. If fis a function of bounded variation o,[b] and x&[a, b] ,then the function

g(x) =v(f,[a,x)is an increasing function. Prove (5 marks)

QUESTION THREE (20 MARKYS)
a) i. Let Zanx"be a power series. Define the radius of convergehtee series
(4 marks)
ii. State the interval of convergence (2 nsrk
b) i. The logarithmic function L is a strictly incraag function. State its domain and
range (2 marks)
ii. State four properties of logarithmic functidr(x) (4 marks)
c) let f:[a,b] — IRbe a function of bounded variation on [a,b] andrae¥/ on [a,b] by
v(a) =0and v(x) =V/( f,[a b] for all x&[a, b] prove that
i. if asx<y=bandv(y)-v(x)=V(f, f[xy]) (4 marks)

il V is increasing on [a,b] (4 marks)

QUESTION FOUR (20 MARKYS)
a) i. State and prove the fundamental theorem of mategalculus (6 marks)

ii. Evaluate the integral
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t
{1+t2dt (4 marks)

b) i. Let f(x) = xon[01]. If p, = (o,% 2

- ,n—_l,l) show that
n n

I xdx = % (5 marks)
1

ii. If g(x) = x*on [01] and P, is the partition in, part (i) above, show tlfatzdx :%
0

(5 marks)

QUESTION FIVE (20 MARKYS)

a) i. State three properties of the exponential fuumcti (x) = € where e is the Euler’s

number (3 marks)

, : : . X X X" o2x™

ii. Verify that if x>0and if n>2xande* - (l+—+—+....+—) <——— eis not

1 2! n”  (n+1)!

an integer (8 marks)
b) Define uniform convergence of sequence of functi{)frré on IR (3 marks)
c) Using ratio test, show that the series

. gon!xn converge for x in the s¢6} (3 marks)

i. gox"converges for x is the \{e(t‘,‘lRZ|X| <]} (3 marks)
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